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Abstract
We consider a finite symmetric game in strategic form with two players which can be
interpreted as a discrete variant of the Hotelling game in a one or two-dimensional space. As
the analytical investigation of this game is tedious, we simulate with Maple and formulate some
conjectures. In addition we present a short literature overview.
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1.

Introduction

For over eighty years, many people have been intrigued by one single article by professor
Harold Hotelling. The most fascinating thing about Hotelling's model is perhaps its simple
appearance at first sight, but despite this apparent simplicity, it touches upon so many issues,
that new variations of Hotelling's model continue to be published until today. However, the
elegance and simple nature of Hotelling’s model also limit its value for real world applications.
Real-world location questions often involve two dimensional spaces, multiple actors, a
heterogeneous demand over space, and (policy) restrictions on sites where firms are able to be
located. As such it is important to extend the models with more sophisticated specifications, as
earlier work has shown that even minor changes in the assumptions of the model sometimes
leads to enormous changes in its outcomes (Eiselt and Laporte 1989). Including such
specifications into Hotelling’s model may make its analytical investigation even more
challenging and laborious. In this article we consider a discrete variant of the Hotelling game
and study it by using Maple.
The remainder of this article is organised as follows: Section 2 provides a (modest) literature
overview of Hotelling's model. Section 3 presents our discrete variant. Section 4 presents an
analysis of a simple case and formulates some conjectures based on simulations with Maple.
Conclusions are in Section 5.

2.

Literature overview

Let us first turn to the model as it was described by Hotelling in his seminal article on this topic
(Hotelling 1929). The buyers of a certain commodity are distributed uniformly along a line with
length l. On the line are two firms A and B, with respective distances a and b from the two
extremes of the line. All buyers bring their bought commodities home at a cost of c per unit of
distance. Hotelling makes some important assumptions. He assumes that (1) the cost of
production of both firms is zero; (2) one unit quantity of the commodity is sold in each unit of
time, per unit of length; (3) no buyer has a preference for any of the sellers, all existing
preferences in reality are symbolized by the transportation price (and hence reflected in the
'final' price that is paid by the customer). Hotelling himself did not mention another important
assumption he makes, namely that the transportation costs per unit product are taken to be
independent of the number of units transported (Lerner and Singer 1937). The finding by
Hotelling that (under certain assumptions) the two firms will tend to locate as close together as
possible at the centre of the line, became generally known as the Hotelling Law, or the principle
of minimum differentiation (Eaton and Lipsey 1975). Hotelling’s findings are later disputed in a
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stream of literature which started with Vickrey (1964) and attracted more attention after the
formalisation of the arguments by d’Aspremont et al. (1979).
Stevens (1961) was the first to suggest that Hotelling’s law can be treated as a game theoretical
problem. Since then, most contributors to the literature on this law have combined Hotelling’s
main insights and propositions with later knowledge on equilibria in game theory. The easiest
way to view Hotelling's model as a game, is to strictly divide his model into two parts, and
make a game for each: a pricing game and a location game. In the Hotelling Pricing Game,
firms can set prices, given certain locations (locations are fixed). In the Hotelling Location
Game, firms can choose a location, but prices are fixed (Rasmusen 2007).
Many amendments can be made to the original model of Hotelling. There is indeed a very wide
body of literature in which adaptations of the model are examined, with a large variety of
different outcomes. For a selective but useful overview, see Graitson (1982), Gabszewicz and
Thisse (1992) or Kilkenny and Thisse (1999).
Apart from the assumptions Hotelling himself mentioned, there are a few assumptions that hold
for almost all game-theoretical variations on the basic model: rational intelligent players, a
symmetric game and complete information.
To obtain a general picture, authors that provide an overview of earlier literature usually
categorize models according to the main assumptions made. Most important are the:
•

number of firms;

•

decision variables of these firms (location or price);

•

order of the decisions (including whether or not the game is sequential);

•

physical form of the market;

•

economic form of the market (cooperation, oligopoly or pure competition);

•

elasticity of demand;

•

distribution of consumers;

•

possibility for new entrants to enter the market.

The Hotelling game structure can also be relevant in cases where the locations do not represent
geographical places, for example for models on elections for political parties; only the
positioning is considered, prices are irrelevant (Hotelling 1929; Smithies 1941; Anderson et al.
1992; Negriu and Piatecki (2012)).
The assumption of a uniform distribution of consumers is rather common in location models,
probably because of its convenience for analysis (e.g. Tabuchi and Thisse 1995).
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Studies on a two-dimensional or higher-dimensional space are scarce, most probably because
the analysis is complex, laborious and tedious. Eiselt (2011) points out a few directions for
future research. He mentions the possibility of extensions to more dimensions, but immediately
adds that it is doubtful that this is a promising niche, as the first results have shown it to be very
difficult, even for pure locational models. Some have for example come up with circular or
triangular markets to loosen the strict assumption of a linear market (Lerner and Singer, 1937;
Vickrey, 1964; Eaton and Lipsey, 1975; Gupta et al, 2004). However, there are a few analyses
with a two-dimensional space. There is a well-known conjecture of Eaton and Lipsey (1975)
that for more than two firms in a two-dimensional space, an equilibrium with zero conjectural
variation is unlikely to exist. However, Okabe and Suzuki (1987) show with Voronoi-diagrams
that for very large numbers of firms, the configuration has stable equilibria in the inner area of
square regions. Tabuchi (1994), Irmen and Thisse (1998) and Veendorp and Majeed (1995) all
show that (under specific conditions) firms in a bounded two-dimensional space minimize
differentiation on one dimension, and maximize it on the other.
We finish this (incomplete) literature overview by noting that discrete models, even in a onedimensional space, are also scarce. An overview of the few existing studies can be found in
Serra and Revelle (1994); also see Prisner (2011).
In the next section we will introduce a discrete Hotelling model in terms of a game in strategic
form. As far as we know such a game has never been studied before.

3.

A discrete Hotelling game

Below we present a discrete Hotelling game. We start by describing this game in one
dimensional space.
3.1 One dimension
Consider the following game in strategic form with 2 players, denoted by 1,2. The game
depends on two parameters: a positive integer n and a real number w with 0 < w ≤ 1. Each
player i has the same action set Xi={0,1,…,n} considered as n+1 points on the real line and
referred to as locations. The players simultaneously and independently choose a location; for
j=1,2, player j chooses vertex xj. Each of the vertices contributes as follows to the payoff the
players. If a vertex is closest to one player, say at distance d, then this vertex contributes an
amount wd only to this player. If a vertex is closest to both players, say at distance d, then this
vertex contributes wd/2 to each player. We call w the distance factor.
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It is straightforward to check that in case w=1 this leads to the payoff functions ƒ1,ƒ2 : X 1 × X 2
→ ℝ given by




f 1 x1 , x 2 = 




(

)

(

)

x1 + x 2 + 1
if x1 < x 2
2
n +1
if x1 = x 2
2
x1 + x 2 + 1
n +1−
if x1 > x 2 ,
2

(

)

f 2 x1 , x 2 = f ' x 2 , x1 .
So, for instance in case n = 10, the payoffs at some choices of vertices are:

f 1 (0, 10 ) =
f 1 (3, 3) =

11 2
11
, f (0, 10 ) = ; f 1 (4, 5) = 5, f 2 (4, 5) = 6 ;
2
2

11 2
11
, f (3, 3) = ; f 1 (3, 8) = 6, f 2 (3, 8) = 5 .
2
2

The reader is invited to check that for n = 4 and w = ½ the game is the following bi-matrix game
(with row (column) i + 1 for the action i of player 1 (2)):

1; 15/8
5/4; 2
3/2; 2
13/8; 13/8 
 31/32; 31/32


19/16; 19/16 3/2; 7/4
7/4; 7/4
2; 3/2 
 15/8; 1

2; 5/4
7/4; 3/2
5/4; 5/4
7/4; 3/2
2; 5/4  .


7/4; 7/4
3/2; 7/4 19/16; 19/16
15/18; 1 
 2; 3/2
 13/8; 13/8
3/2; 2
5/4; 2
1; 15/8
31/32; 31/32 

The corresponding set of Nash equilibria is {(1, 2 ), (1,3), (2,1), (3,1)}.

3.2 More dimensions
Consider the game in Subsection 3.1. This game can be extended to two dimensions. The only
difference now is that the strategy spaces are squares with (n+1)(n+1) vertices; so each player
has the strategy set {0,1,…,n} × {0,1,…,n}. Distances are measured via the lattice (Manhattan
distance). Of course, also generalisations to more than two dimensions are possible.
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3.3 Interpretations
Of course, the above abstract interpretation allows for various more concrete economic
interpretations. A possible one is the following.
Assume p* and q(p*,t(d)) represent constant price and quantity demanded respectively of the
type of goods under consideration, with t(d) for transportation costs per unit depending on the
distance d between buyer and seller. In case:

q ( p*, t p (d )) =

t

(d )

wp
and tp(d) = d,
p*

we obtain for the contribution of a buyer to the pay-off of a seller at distance d:
p*q(p*,tp(d)) = wd
or an equal share of this if the location has an equal distance to the two sellers. So, in case there
are no production costs, wd is also the contribution to the profit of the seller.

4.

Analysis and conjectures

4.1 One dimensional case and distance factor 1
Below we first present for the discrete Hotelling game in the case of one dimension and w=1
various fundamental observations in terms of three simple propositions.

Proposition 1
1. The game is symmetric, i.e. ƒ2 (x1,x2) = ƒ1 (x2,x1) for all (x1,x2).
2. ƒ1 + ƒ2 = n + 1, thus the game is a constant-sum game.
Proof
1. We see that:

x1 + x 2 + 1
x 2 + x1 + 1
= f 1 x 2 , x1 .
= n +1−
2
2

(

)

(

)

n +1
= f 1 x 2 , x1 ,
2

(

)

x 2 + x1 + 1 x1 + x 2 + 1
=
= f 1 x 2 , x1 .
2
2

If x1 < x 2 , then f 2 x1 , x 2 = n + 1 −

If x1 = x 2 , then f 2 x1 , x 2 =
If x1 > x 2 , then f 2 x1 , x 2 =

(

(

)

(

2. This immediately follows from the formulas for ƒ1 and ƒ2. Q.e.d.
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)

)

As the game is a constant-sum game there are two consequences. (1) All strategy profiles are
fully cooperative, i.e. maximise the total payoff function ƒ1 + ƒ2 (and therefore are Pareto
efficient). (2) the game is strictly competitive, that is for all strategy profiles (a1,a2) and (b1,b2)

(

)

(

)

(

)

(

)

it holds that f 1 a1 , a 2 ≤ f 1 b1 , b 2 ⇒ f 2 a1 , a 2 ≥ f 2 b1 , b 2 .
As the game is strictly competitive, it follows (see Friedman 1991) that:

Proposition 2
1. For each player i and for all Nash equilibria (a1,a2) and (b1,b2) it holds
that f i (a1,a2) = f i (b1,b2).
2. The set of Nash equilibria is a Cartesian product.
As the game is symmetric and the numbering of the vertices may be reversed, it follows that:

Proposition 3
If (e1,e2) is a Nash equilibrium, then also (e2,e1), (n-e1,n-e2) and (n-e2,n-e1) are Nash equilibria.

Proposition 2(1) guarantees that the payoff of player 1 is the same in each Nash-equilibrium;
denote this value by v. The above makes it possible to determine v quickly: suppose (n1,n2) is a
Nash-equilibrium. By Proposition 3, (n2,n1) is also a Nash equilibrium. By Proposition 1(1),

(

)

(

)

By

(

)

f 2 n1 , n 2 = f 1 n 2 , n1 .

(

)

Proposition

(

2(1),

)

(

)

(

)

f 1 n1 , n 2 = f 1 n 2 , n1 .

n + 1 = f 1 n1 , n 2 + f 2 n1 , n 2 = 2 f 1 n1 , n 2 and therefore v =

Now

n +1
.
2

By now we do not know that the game has a Nash-equilibrium. However, it is straightforward to
prove the following theorem:

Theorem 1
In case w = 1 the game has a symmetric Nash equilibrium. Moreover:
1. In case n is even, the set of Nash equilibria equals
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 n n 
 ,  .
 2 2 
2. In case n is odd, the set of Nash equilibria equals

 n + 1 n − 1   n − 1 n + 1   n + 1 n + 1   n − 1 n − 1 
,
,
,
,
, 
, 
, 
 .

2  2
2  2
2  2
2 
 2

4.2 Conjectures
Based on our simulations with Maple we make the following conjectures.
I.

II.

There exists for every n and w at least one Nash equilibrium.

In the one-dimensional case the average distance between the two players in the Nash
equilibria decreases. The average distance is computed as the sum of all distances
between the players in all possible Nash-equilibria divided by the number of these
equilibria. Formally: fix n and denote by E(w) the set of Nash equilibria in case of
distance factor w. Then

III.

1
⋅ ∑ e1 − e 2
# E ( w) (e1 , e 2 )∈E ( w )

is a decreasing function of w.

In the one-dimensional case, the two players aiming at maximum total payoff can do
so by locating to about ¼ and ¾ of total space available. Formally, the strategy
profile

  n + 1  3(n + 1) 
 
,
 
 4   4 
is fully cooperative, i.e. maximises the total payoff.

5.

Conclusion

It is not self-evident that discrete games have similar equilibria to their continuous counterparts.
In this article we introduced a discrete version of the Hotelling game with three parameters: the
dimension (1 or 2), n (related to the number of vertices) and w (the distance factor). The onedimensional case with distance factor 1 admits a straightforward game theoretical analysis. The
analysis of the other cases is not at all straightforward. Based on simulation with the computer
algebra program Maple we formulate some conjectures (for future research).
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